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Abstract
Confinement of single ions in a novel radio-frequency (RF) quadrupole ion
trap with spherical shape is investigated. An optimization of this spherical
ion trap (SIT) is carried out in order to suppress its nonlinearity substantially
by eliminating the electric octupole moment. Hence, a trapping potential and
consequently an electric field very similar to the ideal quadrupole ion trap
(QIT) are obtained. Afterwards, three stability regions for the optimized SIT
are numerically computed. The regions coincide well with those reported
in the literature for the ideal QIT. The reason is attributed to the zero
electric octupole moment of our proposed trap. The SITs simple geometry
and relative ease of fabrication along with its increased trapping volume
compared to the conventional hyperbolic quadrupole ion trap, make it an
appropriate choice for miniaturization.
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1. Introduction
Radio-frequency ion traps are frequently used for purposes ranging from
mass spectrometry [1] to quantum information processing [2] [3] [4], ultra-
precise atomic clock sand atomic physics [5][6]. In the context of mass spec-
trometry, RF traps are utilized to separate particles based on their charge
to mass ratio [7][8]. Quadrupole ion trap with hyperbolic electrodes, the
so-called Paul traps, are a promising candidate for the realization of scalable
quantum information processing devices [9]. For the implementation to be
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able to execute the large-scale quantum algorithms, this scheme requires trap-
ping and manipulation of many ions as quantum bits, and thus, a small trap
size [10]. Additionally, in the community of mass spectrometry for reasons
such as those discussed in Ref. [11], there is a growing interest in miniature
mass spectrometers. In order to miniaturize the trap, it is very important for
the device to have a simple geometry to make the fabrication feasible. This
is satisfied for our proposed ion trap in contrast to a conventional quadrupole
Paul trap.
As another disadvantage of a practical quadrupole QIT, one can see the
appearance of the higher order electric multipole components [12] inside the
trap, which is attributed to the truncation of the hyperbolic-shaped elec-
trodes. These higher order fields are known to have a surprisingly strong
effect on the operation of the traps [13]. In our proposed spherical ion trap,
the electric octupole component inside the sphere has been eliminated by the
optimization of the trap. Hence, the electric quadrupole component is the
dominant term of the electric field inside the trap.
It is worthwhile to note that, the scientists were first interested in a
trap in which the confined ions could oscillate as the harmonic oscillator,
namely similar to oscillation of an ideal spring. This motivation led to a
pure electric quadrupole field inside the trap, and consequently hyperbolic
shapes for the electrodes of the trap. In other words, scientists interest in a
simple oscillation of trapped ions led to a type of trap with hyperbolic-shaped
electrodes, which was named as Paul trap. Hence, due to the simple form
of the ion oscillation, the equations of motion for the ions in the trap were
obtained as the well-known Mathieu differential equation.
In this article, we present a novel spherical ion trap with azimuthal sym-
metric electrodes. The electric potential is analytically obtained, and the
equations of motion for the charged particles inside the trap are demon-
strated to be of the standard Mathieu form. Classical equations of motion
for a particle in the trap are numerically solved, and three stability regions
in the plane defined by Mathieu parameters are computed. By optimizing
the geometry of the trap we achieve a potential field very similar to pure
quadrupolar form. This trap has a simpler fabrication compared to a hyper-
bolic Paul trap, and consequently it is more amenable to miniaturization.
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Figure 1: The geometry of the spherical ion trap. The origin of the depicted
coordinate systemis considered to coincide with the center of the trap. (a)
The cross section of the proposed SIT in the x-z plane. As it is shown, the
trap results from revolving this cross section around the z axis by 360 degrees.
The two left and right electrodes (in dark gray) are driven by an RF potential
and the middle electrode (in lighter gray) is grounded. (b) The full structure
of the proposed trap. In addition to the invariance of the geometry under
rotation around the z axis (rotational or azimuthal symmetry) the geometry
is symmetric with respect to the x-y plane (left-right symmetry). (c) The
confining point is the center of the sphere.
2. Trap Design
The general geometry of the spherical ion trap is illustrated in Fig. 1. All
of the three electrodes are parts of a single sphere as is shown in the figure.
The left and right caps are supplied with an RF potential and the middle
electrode is grounded. The trap is left-right symmetric with respect to the
x-y plane and also rotationally around the z axis (azimuthal symmetry). A
consequence of the symmetric geometry of the electrodes is that the RF field
exhibits a trapping point rather than a trapping line as in the linear Paul
trap, and thus the confining fields originate merely from the RF potential and
a trapping point at the center of the trap can be achieved without applying
any DC voltage to the electrodes [14]. Furthermore, the symmetry of the trap
with respect to the x-y plane, along with the azimuthal symmetry of the trap,
causes the odd multipole terms of the potential to vanish and thus reduces the
nonlinearities in the ions equations of motion that are caused by multipole
components other than the quadrupole term. In addition to the analytical
expression of the electric potential, we have solved the Laplaces equation
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numerically in order to observe the behavior of the potential while taking
the gaps between the electrodes into consideration. Existence of a potential
saddle point at the center of the trap is shown through finite element analysis
of the Laplaces equation. Contour plots of the potential inside the trap are
represented in Fig. 2, which depicts a saddle point at the center of the trap.
In fact, the existence of this saddle point causes RF traps to be able to
confine charged particles dynamically [15]. This conclusion is supported by
the Earnshaws theorem as well [16].
This section includes three subsections as follows: 2.1 Derivation of an
analytical expression for the electric potential inside the SIT. 2.2 Derivation
of the equations of motion for an ion into the trap. 2.3 Optimization of the
trap geometry to suppress the octupole term of the potential.
2.1. Derivation of the Electric Potential
In order to obtain an analytical solution for the potential, we have mod-
eled the trap as a spherical surface with radius R and the following static
surface potential:
Φ(R, θ) =
{
0 α < θ < pi − α
V0 otherwise
(1)
The potential V0 has a form of V0 = V cos Ωt , or more generally V0 =
U + V cos Ωt with U being a DC term. The angle θ is measured starting
from the z-axis as usual in spherical coordinates. The above potential means
that the presence of the gaps were not considered in this analytical solution,
although the gaps are accounted for in the FEM calculation of the potential
(Fig. 2). It should be noted that while in practical setups, an arrangement
with RF-driven middle electrode and grounded caps is preferred for experi-
mental reasons, only the potential difference between the caps and the middle
electrodes is physically important for formation of a confining potential. As
is indicated in Eq. 1, in the calculations we considered the caps at V0 instead
of the central electrode when solving the problem analytically. Mathemat-
ically, the current boundary potential is equivalent to applying −V0 to the
central electrode and grounding the caps, which means a phase shift of pi
compared to the mentioned experimental set up.
We will obtain the electric potential inside the trap expanded in terms of
r
R
, where r and R are the radial distance and trap radius, respectively:
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Φ(r, θ) =
∞∑
n=0
An
( r
R
)n
Pn(cos θ) (2)
Considering the potential in this form, known as multipole expansion, is
of particular importance for our purpose. The reason is that it allows us to
easily find our desired multipole components of the electric potential such as
the quadrupole and octupole fields, that each have important effects on the
performance of the trap. The An coefficients are called multipole moments.
We start by the well-known solution of the Laplace equation in spherical
coordinates for azimuthal symmetric geometries [17]
Φ(r, θ) =
∞∑
n=0
Bnr
nPn(cos θ) (3)
In order to obtain a series solution for Bn we have used the following
expansion of Legendre polynomials
Pn(u) =
1
2n
[n/2]∑
m=0
(−1)m(2n− 2m)!
m!(n−m)!(n− 2m)!u
n−2m (4)
After some algebraic calculations, the coefficients are obtained by the
following relation
Bn =
{
V0
2n+1
Rn
∑n/2
m=0(−1)m (2n−2m)!(1−cos
n−2m+1 α)
2nm!(n−m!)(n−2m+1)! even n
0 odd n
(5)
Thus, the potential becomes
Φ(r, θ) =
∞∑
k=0
B2kr
2kP2k(cos θ) =
∞∑
k=0
V0
4k + 1
R2k
k∑
m=0
(−1)m (4k − 2m)!(1− cos
2k−2m+1α)
22km!(2k −m)!(2k − 2m+ 1)!r
2kP2k(cos θ)
(6)
The following expression in the above series for the potential expression
can be proved to be zero for all values of k:
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Figure 2: (a) Contour plot of the potential viewed in a cross section of the
SIT (x-z plane) (b) The same plot in (a) with the potential levels expressed
as height to show the saddle point more clear
k∑
m=0
(−1)m(4k − 2m)!
m!(2k −m)!(2k − 2m+ 1)! (7)
Hence, the potential becomes
Φ(r, θ) =
∞∑
k=0
V0
(
4k + 1
R2k
k∑
m=0
(−1)m+1 (4k − 2m)!(1− cos
2k−2m+1α)
22km!(2k −m)!(2k − 2m+ 1)!
)
r2kP2k(cos θ)
(8)
The above expansion can be written in the form of Eq. 1 with the mul-
tipole moments obtained as
A2k =
4k + 1
22k
k∑
m=0
(−1)m+1 (4k − 2m)!(1− cos
2k−2m+1α)
m!(2k −m)!(2k − 2m+ 1)! (9)
As previously mentioned, the left-right symmetry of the trap geometry
with respect to the x-y plane causes the odd terms of the multipole expansion
to be zero.
2.2. Derivation of the Equations of Motion
Due to the azimuthal symmetry of the trap, we are dealing with an in-
herently two dimensional problem and the ions trajectories inside the trap
remain in one plane. Hence, for simplicity, we consider the ion motion to be
in thex-z plane as shown in Fig. 1, (a). So the potential becomes
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Φ(x, z) =
∞∑
k=0
A2k
(x2 + z2)
k
R2k
P2k(
z√
x2 + z2
) =
A0 +
A2
R2
(
2z2 − x2
2
) +
A4
R4
(
3x4 − 24x2z2 + x4
8
) + ...
(10)
The first non-constant term in the potential is the quadrupole component
of the potential. This term leads to the standard Mathieu equations for the
motion. To write the equations of motion in a concise form, we denote all
higher order components of the potential collectively as
Φ′(x, z)
R2
Φ(x, z) = A0 + A2(
2z2 − x2
2R2
) +
Φ′(x, z)
R2
(11)
This way, we can maintain the Mathieu form of the equations of motion
for this high-order non-quadratic potential. The higher order terms appear
as perturbative terms to the standard Mathieu equation. Here we consider
the potential applied to the central electrode in its most general form as
V0 = U+V cos Ωt. Taking the gradient of the potential to obtain the electric
field and drawing on the Newtons second law of motion, classical equations
of motion for a particle of mass M and electric charge Q inside the trap are
obtained
d2z
dτ 2
+ (az − 2qz cos 2τ)z = −1
2A2
(az − 2qz cos 2τ)∂Φ
′
∂z
(12)
d2x
dτ 2
+ (ax − 2qx cos 2τ)z = −1
2A2
(az − 2qz cos 2τ)∂Φ
′
∂x
(13)
In the relations, the dimensionless parameters ax, az, qx ,qz and τ are
given by
τ =
Ωt
2
(14)
az = −2ax = 8QUA2
MR2Ω2
(15)
qz = −2qx = −4QV A2
MR2Ω2
(16)
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Figure 3: Electric multipole moments of the potential expansion for a SIT
with α ' 49◦ . Only these multipole components (A2, A4, A6, A8, A10, A12)
of the potential were considered in numerical simulations and higher order
terms were set to zero.
It can be seen that in Eqs. 11 and 12, the non-zero higher order multipole
terms in the potential appear as perturbative terms to the standard Mathieu
equation.
2.3. Optimization of the Trap Geometry
Simplification of the electrode shapes introduces higher order multipole
terms to the quadrupolar potential.The deviation of the potential from pure
quadrupolar form leads to some noticeable effects. For example, nonlinear
resonances can occur which can lead to possibly unwanted ejection of the ion
from the trap [18]. The practically important higher order multipole terms
are the hexapole (A3), the octupole (A4) and the dodecapole (A6) terms
[19]. The hexapole term is automatically zero due to the symmetry of the
trap with respect to x-y plane. We can eliminate one of the two remaining
terms by adjusting the angle of the caps. Since the octupole term affects the
potential more than the dodecapole, we choose this term for elimination. For
this purpose, we equate the octupole moment A4 from Eq. 8 to zero
A4 =
9
42
2∑
m=0
(−1)m+1 (8− 2m)!(cos
4−2m+1α)
m!(4−m)!(4− 2m+ 1)! = 0 (17)
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Figure 4: Trajectories of the ion inside the trap for different Mathieu param-
eters. For small values of the micromotion is negligible (top, left). As the
parameter gets larger, the micromotion becomes comparable to the secular
motion of the ion, and near the edge of the stability region (bottom, right)
the micromotion amplitude is in the order of the secular motion [13].
The above equation yields
7cos5α− 10cos3α + 3 cosα = 0 (18)
Hence, the value of α which optimizes the spherical ion trap to suppress
the electric octupole term is obtained by solving the above equation
cosα =
√
3
7
→ α ' 49◦ (19)
With the octupole moment being zero, the next non-zero multipole term
after the quadrupole term will be the dodecapole term A6 with a
r5
R6
de-
pendence. This means that the region in which the field is approximately of
pure quadrupole form expands considerably inside the optimized spherical
ion trap. It is worth noting that the value of α ' 49◦ is selected in our
computation in order to show excellent agreement between our results and
those obtained for the Paul trap. The multipole moments corresponding to
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α ' 49◦, which are used for the presented numerical calculations are shown
in Fig. 3.
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Figure 5: Right: First, second and third stability regions (up to down re-
spectively) calculated for SIT and compared with QIT. Left: First, second
and third stability regions calculated for CIT [20] and compared with QIT
[21].
3. Computational Results
We have solved the equations of motion using the fourth-order Runge-
Kutta (RK4) method as well as the fifth-order Runge-Kutta (RK5) method
with step-size control [22]. Multipole components of the electric field up to
A12 are considered in the computations, and higher order terms have been
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set to zero. In our calculations, the radius of the trap was taken to be 15
mm. Initial velocity and position of the ions were considered to be 0 and in
both x and z coordinates, respectively. The trajectories of a charged particle
inside the trap for typical values of Mathieu parameters a and q are depicted
in Fig. 4. It can be seen from the figure that for smaller values of q the
micromotions have a smaller amplitude relative to the main secular motion
[23].
Mathieu stability regions for an RF Paul trap are those values of a and
q that lead to a stable solution of Mathieu equation. We computed three
stability regions by solving the equations of motion numerically.Solutions
that did not exceed the radius of the trap for up to 160 RF cycles were
considered to be stable. The first, second and third stability regions are
illustrated in Fig.5. The corresponding regions of an ideal QIT [21] and a
cylindrical ion trap (CIT) [20] are also included in the figures in order to be
able to compare them at a glance. One can see that the difference between
stability regions of QIT and CIT is larger than that of the QIT and our SIT
for all three stability diagrams. The reason is the elimination of the electric
octupole moment in our proposed spherical ion trap. The octupole moment
has a noticeable effect on the fields, and is present for the CIT considered in
[20].
4. Conclusions
A highly symmetric radio-frequency quadrupole ion trap based on spher-
ical geometry was presented. Optimization of the geometry along with the
vanishing odd multipole components due to symmetry of the geometry made
the potential field very similar to that of ideal hyperbolic Paul trap. The
proposed spherical ion trap can be easily fabricated by considering merely
α ' 49◦ as discussed in this article. Consequently, this trap is more suitable
for miniaturization compared to the traditional hyperbolic Paul trap.
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